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Abstract 
We constructed 480 inequivalent Hadamard matrices with Hall sets of order 28 in Kimura (1988) 
and Kimura and Ohmori (1987). These matrices were classified by K-matrices and K-boxes 
associated with Hadamard matrices. In this paper we introduce some order on subsets of equi- 
valence classes. By choosing maximal or minimal elements of these subsets, we get a complete 
classification and obtain 486 inequivalent matrices of order 28 with Hall sets. 
1. Introduction 
A Hadamard matrix of order n is an n by n matrix of l’s and - l’s with HHT = nZ. It 
is well known that n is necessarily 1,2 or a multiple of four. An automorphism of H is 
a signed permutation g of the set of rows and columns such that Hg = H. The set of 
automorphisms forms a group under composition called the automorphism group of 
H and it is denoted by Aut(H). Two Hadamard matrices H1 and Hz are equivalent if 
there exists a signed permutation g of rows and columns of H1 with Hf =H2. An 
Hadamard matrix is normalized in this paper if its last row and column consist 
entirely of 1’s. 
The equivalence classes of Hadamard matrices of order < 24 have been determined 
by Hall [2,3], Ito et al. [S] and the author [8]. 
In [6], we obtained Hadamard matrices with trivial automorphism group and we 
can also find many matrices with trivial automorphism group in [lo]. If the automor- 
phism groups of two Hadamard matrices are nonisomorphic, then the matrices are 
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inequivalent. But a classification of Hadamard matrices cannot be completed by using 
only the properties of automorphism groups of Hadamard matrices. In [7], five 
inequivalent matrices with the same K-matrix are given. Therefore, we need a new 
idea to classify completely Hadamard matrices. 
In this paper we give a method for a classification of Hadamard matrices and 
completely classify matrices of order 28 with Hall sets. There exist exactly 486 
inequivalent matrices of order 28 with Hall sets and only five matrices in [7] have the 
same K-matrix. 
2. Principle of classification in the case n=8k +4 
Let H be an Hadamard matrix of order n = 8k + 4 (k > 2) which is normalized. We 
say that H has a Hall set if H has a submatrix which is equivalent o the following 
form: 
J2k --Jut - J2ic +--+ 
-Jzk J2k -Jai -+-+ 
Jzk J 2k -J2k --++ ’ 
Jzk Jut J 2k ++++ 1 
(2.1) 
where JZk is a 2k-dimensional row vector of 1’s. We consider the following submatrix 
of H containing a Hall set: 
J2k J 2k --JZk -J2k + - - + 
J 2k -Jzk J2k - J2k - + - + 
- Jai Jai J2k -Jzk - - + + 7 
J2k J2k J 2k Jn + + + + 
<a> <b) Cc> Cd) <u> (u> <w> + 1 (2.2) 
where (i) is a row vector of l’s and - l’s of a suitable dimension such that the number 
of 1 contained in (i) equals i. Since the matrix (2.2) is a submatrix of H, the following 
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Let zi be the number of rows of H satisfying the solution (i). Since HT is an 
Hadamard matrix, we have the following: 
z1=z2=z3=z4=2k. (2.4) 
Therefore, we have that H is equivalent o the following form: 
&z B13 h4 F: 
F2’ 
F3’ 
B42 B43 -A4 F: 
FI F2 F3 F4 ff4 
(2.5) 
where Ai is a matrix of order 2k such that the sum of elements of every row vector and 
the sum of elements of every column vector of Ai are - 2, and B, is matrix of order 2k 
such that the sum of elements of every row vector and the sum of elements of every 






























We call a matrix (2.5) a normal form of H in this section and the next. 
The set consisting of the last four columns in (2.5) forms a Hall set of HT. Therefore, 
we have the following proposition. 
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Proposition 2.1 (Kimura and Ohmori [9]). If H has a Hall set, then so does HT. 
We call the submatrix of H 
Al 812 B13 B14 


























yz=[Bzl A2 B23 B24 F,TI, , 
y3 = LB31 B32 A3 B34 F:l and y4= LB41 B42 B43 A4 F:l. 
Let C be an equivalence class containing H. Let C be a subset consisting of elements 
of C with the normal form. Let G be a transitive permutation group on C induced by 
all signed permutations of rows and columns of H. Let G be a subgroup of G consist- 
ing of all elements g of G such that Cg = C. Then G and G act transitively on C and C, 
respectively. The number 1 c 1 of elements of C is (n!)‘(2)‘“/ (Aut(H) 1, (Aut(H) 1 is the 
order of Aut(H). 
Let S, be a subgroup of G induced by permutations on last four rows of H. This is 
isomorphic to the symmetric group of degree 4. Let Gi and Hi be subgroups of 
G induced by permutations on the sets of columns of the submatrix Xi and the set of 
rows of the submatix Yi, respectively. Then Gi and Hi are isomorphic to the symmetric 
group SZk of degree 2k. Then the number I Cl of elements of C is 
2(4!)((2k)!)*h(H)/IAut(H)I, where h(H) is the number of Hall sets of H. 
We introduce a lexicographical order in the set of Hadamard matrices with normal 
form. Let A = (Uij) and B = (bij) be matrices of same size. We say that A is greater than 
B, or B is less than A if there exist k and I satisfying the following conditions: 
(i) aij = bij for i < k, 
(ii) uij = bij for i = k and j < 1, and 
(iii) okl > bkl. 
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Let HI and Hz be Hadamard matrices of the following form: 
AI BIZ BI, BI, F,T 
B 21 ‘42 B23 B24 F,T 
H1= B3l B32 A3 B34 F3’ , 
B 41 B42 B43 --A4 F4’ 
Fl F2 F3 F4 H4 
(2.9) 
(2.10) 
A; Bi2 Bi3 Bi4 F,T 
B’ 21 A; Bi3 Bi4 F: 
Hz= B;, B;2 A; Bi4 F3’ . 
;I 42 B’ Bi3 -A; F4’ 
F, F2 F3 F4 H4 
We denote H,>H, if (Al,B12,B13,B14)~(A~,B~2,B~3,B~4) in lexicographical 
order, orif(Al,B,,,B13,B14)=(A;,B;2,B;3, Bi4) and UH1 > UH,, where UH, and 
UH, are 
UH2=, ] 
B21 A2 B23 B24 F2’ 
B31 B32 ~43 B34 F3’ 
B 41 B42 B43 -A4 F4’ ’ 
F1 F2 F3 F4 H4 
(2.11) 
respectively. For a classification of Hadamard matrices of small order with Hall sets, 
we consider only matrices with the normal form for the following reasons: 
(i) 1 Cl is much smaller than 1 cl, 
(ii) a computer construction of Hadamard matrices with the normal form is easy, 
and 
(iii) for a given matrix, we may easily check by a computer if it is maximal in C or 
not. By the definition of S4, we may easily prove the following proposition. 
Proposition 2.2. Let S4 be as above. Then S4 is isomorphic to the symmetric group on the 
set {Al, A,, A3, A4), where Ai are as in (2.5). 
Since G is transitive on C, we may give a maximal element of C under the above 
order on C by using properties of G. By Proposition 2.2, we may assume Al is 
a maximal element in u f= 1 AyiHi, where AFiHi is the set of matrices which are 
equivalent by elements of a subgroup GiHi of’G. 
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3. Hadamard matrices of order 28 
In this section we assume that k= 3 and n=28. In [7,9], we constructed 480 
inequivalent Hadamard matrices of order 28 which are classified by K-matrices and 
K-boxes. For the definition of K-matrix, K(H) and K-box associated to a Hadamard 
matrix H, see [7] or [9]. 


















1 +-+ --- ++ 
_I 
(3.1) 
Since we constructed matrices in the case AI = A(3) in [7,9], we consider the 
following four cases: 
(1) A, =A(3), 
(2) AI = A(1) and H is not equivalent o a matrix satisfying condition (l), 
(3) AI = A(2) and H is not equivalent o a matrix satisfying conditions (1) and (2) 
and 
(4) AI = A(4) and H is not equivalent o a matrix satisfying conditions (l)-(3). 
By a computer construction we have the following theorem. 
Theorem 3.1. We have 480 and 6 inequivalent Hadamard matrices in cases (1) and (3) 
respectively, and there exists no matrix in cases (2) and (4). 
By Theorem 3.1 we know the following fact. 
Theorem 3.2. Hadamard matrices with Hall sets of order 28 are completely classified by 
their K-matrices except jive matrices in [7]. 
The interiors of six matrices in cases (3) and their K-matrices are given in Tables 
1 and 2. 
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Table 1 

































































































































































































264 H. Kimura 
Table 1 (Continued) 
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Table 2 
List of K-matrices 
KWw) 
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111222 
12 . . . . . . . . . . . . . . . . . . . . . . . . . 111111111222 
12 . . . . . . . . . . . . . . . . . . . . . . . . . . . 111111122223 
KU&d=KU&) 
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111222 
12 . . . . . . . . . . . . . . . . . . . . . . . . . . . 111111111123 
12 . . . . . . . . . . . . . . . . . . . . . . . . . . . 111111222222 I 
.l . . . . . . . . . . . . . . 
1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111222 
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11111111112 
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11111111223 
3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 1111111111113 
6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 1111111111122 
1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 1111111112223 
3 . . . . . . . . . . . . . . . . . . . . . . . . 1111111222233 
3 . . . . . . . . . . . . . . . . . . . . . . . . 111111112222224 
1 . . . . . . . . . . . . . . . . . . . . . . . 1111111111111113 
3 . . . . . . . . . . . . . . . . . . . . . . 1111111111222224 
z ........................... .111111111222 
4 ........................ 111111111111123 
2 ........................ 111111111112233 
2 ....................... 1111111111111224 
2 ...................... .1111111111112235 
2 ....................... 1111111111122225 
2 ..................... .11111111111112222 
2 ..................... .11111111111122224 
4 ..................... .11111111111122233 
2 ..................... .11111111111222223 
2 ................... .111111111111122223 
2 ................... .111111111111122222 
4 ............................... 1111111122 
2 ............................. 11111111112 
2 ........................... .111111111222 
4 .......................... .1111111111122 
2 .......................... .1111111111125 
2 .......................... .1111111111233 
2 .......................... .1111111112223 
2 ......................... 11111111112222 
4 ........................ 111111111122223 
2 ....................... .111111111222222 
2 ...................... .1111111111122333 
2 .......................... .1111111122222 
2 ......................... 11111111111223 
2 ........................ .11111111112222 
2 ........................ .11111111122233 
2 ......................... 11111111222334 
2 ....................... .111111111112233 
2 ........................ 111111111122223 
4 ....................... .111111111222222 
2 ........................ 111111111222234 
2 ...................... .1111111122222222 
2 .................. .1111111111111112223 
2 .................. .1111111111111122222 
2 .................. .1111111111111122333 
Remark 3.3. The only known Hadamard matrix with no Hall set is the Paley matrix 
defined by the squares in GF(27). It is conjectured that a Hadamard matrix with no 
Hall set is unique up to equivalence. If our computer programs are not wrong, the 
conjecture is true. 
4. Hadamard matrices of order n=4k+4 for odd integer k 
Let H be an Hadamard matrix of order n = 4k + 4, where k is an odd integer (> 3). 
We consider the following submatrix containing a Hall set: 
I 
Jk Jk -Jk -& + - - + 
Jk -Jk Jk -Jk - + - + 
-Jk Jk Jk -Jk - - + + , 
Jk Jk Jk J,‘ + + + + 
<a> <b) Cc> Cd) <u> <u> <w> + : 
(4.1) 
:SMOIIOJ SB St !$J ‘q UO~SUaUUpJO Z UO!]3aS Ui St? 
s!f,g put! z uoyas uf st? star 'I- a.~e~~gJo ~013aA uwnjoa d~aAaj0 s$uaurala~o tunst! 
puelol3aA MoJ lC.~aAaJo sluau.~aIajo uIns v 3eql y3ns y Japlojo sacystu a.n2 @g a.IaqM 
(P?) j i ;i jli_ z; +j 
:WJOJ BU~M~IIOJ ay3 01 lua[sArnba s! H ‘z uoyac; u! SE ABM aunzs aql uf ‘a3uaH 
(E'P) y/=Vz=Ez=Zz=1z 
:8U!MOIlOJ aql aAl?q aM ‘XU]SUI pDz?UI~pl?H 
ut? sy Lo a3uls +) uopnjos aql Bu&g13 H JO SM~J ~0 laqwnu aql aq !z Ia? 
(9) (1‘0 ‘0 ‘z/(1 + Y) ‘z/(1 -?I ‘z/(1 -?I ‘z/(1 + 7)) 
(El (0 ‘I ‘0 ‘z/(1 + 3) ‘Z/(1 -‘iI ‘z/(1 + 3) ‘Z/(1 -?)I 
(z) (o‘o‘I‘z/(I+Y)‘z/(I+Y)‘z/(I-Y)‘Z/(I-Y)) 
= (M ‘n ‘n ‘p ‘3 ‘q ‘D) 
(I) (I‘I‘T‘Z/(I-Y)‘Z/(I-Y)‘Z/(I-Y)‘Z/(I-Y)) I
:suognIos rnoj ~KI!MOII~J aql antzq aM s!ql Ag 
(ZT) ‘I+YZ=M+a+n+P+3+q+D 
‘y=n+q+n 
aq wur suop!puo3 Bur~olloj aq3 ‘xywu p~er.uep~~ UB JO xycurqns e so (I'~)JI 
'1 slenba (!) u! paulejuo3 S,I 
~olaqcunuaq~ wqlq3nss,1- pws,1~0~033aA ~01 ~~uo~suauupa~q~~yse s!(i) (u) 










We call (4.4) a normal form of H in this section. 
Let S4 be a group induced by permutations on last four columns. This is isomorphic 
to the symmetric group of degree 4. 
Proposition 4.1. Let S4 be as dejned above. Then S4 is isomorphic to the symmetric 
group on the set {Bll, B12,B1~,B14}, where B, are in (4.1). 
Next we assume n = 24 and k = 5 in this section. Then, by Proposition 4.1, B1 I is one 
of the following: 
++--- 
++--- 




The classification of Hadamard matrices of order 24 is completed in [S, 81. There exist 
59 inequivalent matrices with Hall sets. We may check this classification in the same 
way as in Section 3. 
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